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21 We may assume that $T$ is represented by Schatten’s formula as
$T= \sum_{n=1}^{\infty}a_{n}e_{n}\otimes d_{\pi}$ ,
where $\{e_{n}\}$ and $\{d_{n}\}$ are orthonormal families and 1 $a_{n}|\downarrow 0(narrow\infty)$ . Then it follows
that
$|T|= \sum|a_{n}|d_{n}\otimes d_{n}$ , $|T^{\cdot}|= \sum|a_{n}|e_{n}\otimes e_{n}$ .
Since the eigenspace corresponding to $|a_{1}|$ is finite dimensional, there is an $i\in \mathbb{N}$ such
that $|a_{1}|=\cdots=|a_{i}|>|a_{i+1}|$ . Then we have
$|a_{1}|^{2h}=((T^{\cdot}T)^{h}d_{1}, d_{1})=(T^{\cdot}Td_{1},d_{1})=|a_{1}|^{2}(T^{*h-2}T^{h-2}Te_{1}, Te_{1})$
$\leq|a_{1}|^{2h-2}(Te_{1},Te_{1})\leq|a_{1}|^{2h}$ ,
.from which it follows that
$(T^{*}Te_{1}, e_{1})=|a_{1}|^{2}$ and hence $(|a_{1}|^{2}-T^{*}T)e_{1}=0$ ,
because $|a_{1}|^{2}-T^{*}T\geq 0$ . In the same way as above we get
$\{e_{1}, \cdots e_{i}\}\subset\Re(T^{*}T-|a_{1}|^{2})$ ,
where $\Re(X)$ denotes the null space of $X$ , and hence
$\Re(TT^{*}-|a_{1}|^{2})=\Re(T^{\cdot}T-|a_{1}|^{2})$,
which reduces $T$ to the normal operator, that is $T^{\cdot}Te_{n}=TT^{\cdot}e_{n}$ for $1\leq n\leq i$ .
Repeating this procedure in the same way to the other restrictions of $T$ , we derive
$T^{*}Te_{n}=TT^{*}e_{\mathfrak{n}}$ for every $n$ . $\{e_{\dot{n}}\}$ and $\{d_{n}\}$ span the same space. Thus the proof is
complete.
1 Let $B$ be the inverse of $A$ . Then $PA\}_{L}$ and $(I-P)B|_{L}\perp$ are
invertible, and we have
$(PA|_{L})^{-1}=PB|_{L}-PB(I-P)((I-P)B|_{L}\perp)^{-1}(I-P)B|g$ ,
3from which we easily obtain the inequality in the lemma.
Suppose $(PA|_{L})^{-1}=PB|_{L}$ . Then we have $(I-P)B|\epsilon=0$ , which implies $PB=BP$ ,
and hence $PA=AP$ . The converse assertion is obvious.
2 By the $L\tilde{o}wner’ s$ theory, $f$ can be represented as
$f(x)=a+bx+ \int_{+0}^{\infty}(\frac{1}{t}-\frac{1}{t+x})d\mu(t)$
where $a=f(O),$ $b\geq 0$ and $\mu$ is a positive Borel measure such that
$\int_{+0}^{\infty}\frac{1}{1+t^{2}}d\mu(t)<\infty$.
Thus we have
$(Pf(A)Ph, h)=((a+bA)Ph, Ph)+ \int_{+0}^{\infty}((\frac{1}{t}I-(tI+A)^{-1})Ph, Ph)d\mu(t)$
and
$(f(PAP)h, h)=((a+bPAP)h, h)+ \int_{+0}^{\infty}((\frac{1}{t}I-(tI+PAP)^{-1})h, h)d\mu(t)$
$=((a+bPAP)h, h)+ \int_{+0}^{\infty}((\frac{1}{t}P-(P(tI+A)|_{L})^{-1})Ph, Ph)d\mu(t)$,
where $L$ is the range of P. By Lemma 1 $\frac{1}{t}P-(P(tI+A)|_{L})^{-1}\geq\frac{1}{}P-P(tI+A)^{-1}P$ for
$t>0$ implies that $f(PAP)\geq Pf(A)P$ . If $f(PAP)=Pf(A)P$, then it follows that,
for every $h,$ $(ah, h)=(aPh, Ph)$ and $((P(tI+A)|_{L})^{-1}Ph, Ph)=((tI+A)^{-1}Ph, Ph)$
for almost every $t>0w.r.t.\mu$ . Since the whole space is separable, we obtain
$(P(tI+A)|_{L})^{-1}=P(tI+A)^{-1}P$ for almost every $t>0$ .
Lemma 2.1 implies $PA=AP$. Clearly we have $f(O)=a=0$ .
A continuous function $f$ on $[0, \infty$ ) is called an operator monotone function
if $0\leq A\leq B$ implies $f(A)\leq f(B)$ . The first half of the next lemma was shown in [5].
4$(i)\Rightarrow(ii)\Rightarrow(i\ddot{u})$ are trivial, so we show only
$(\ddot{u}i)\Rightarrow(i)$ . From
$T^{\cdot}(T^{\cdot}T)^{h}T=T^{\cdot}(T^{h}T^{k})T=(T^{\cdot}T)^{h+1}=T^{\cdot}(TT^{*})^{k}T$
it follows that $P(T^{*}T)^{k}P=P(TT^{*})^{k}P=(TT^{*})^{k}$ , where $P$ is the projection on the
closure of the range of $T$ . Similarly we obtain $P(T^{*}T)^{i}P=(TT^{\cdot})^{i}$ , and hence
$(P(T^{\cdot}T)^{h}P)^{:/k}=P(T^{\cdot}T)^{i}P=P((T^{\cdot}T)^{k})^{i/h}P$ .
Since $f(x)=x^{i/k}$ is an operator monotone function, by Lemma 2.2 $P$ commutes to
$(T^{*}T)^{h}$ and hence to $T^{*}T$ . Consequently we obtain $(PT^{*}TP)^{h}=(TT^{\cdot})^{h}$ and hence
$PT^{*}TP=TT^{\cdot}$ . Therefore
$T^{\cdot}TT=T^{\cdot}TPT=PT^{\cdot}TPT=TT^{\cdot}T$ .
This concludes the proof.
Remark. In [4], Embry showed that (i) and (fi) are equivalent using
her theorem about subnormal operators. From lemma 2.2, it follows that
$PAP\leq(PA^{2}P)^{1/2}\leq\cdots\leq(PA^{n}P)^{1/n}\leq\cdots$ , (2. {)
which was shown in [1].
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52 . First we show that a subnormal operator $T$ on $\mathfrak{H}$ satisfies
$|T|\leq|T^{2}|^{1/2}\leq\cdots\leq|T^{n}|^{1/n}\leq\cdots$ (2.2)
In fact, $T$ has a normal extension $N$ on $R\supset$ S. Let $Q$ be the projection &om A onto
$\mathfrak{H}$ . Then, we have
$(Q|N^{2n}|Q)^{\frac{l}{2n}}=(QN^{\cdot}nN^{n}Q)^{\frac{1}{2\mathfrak{n}}}=\{\begin{array}{lll}T^{n}T^{n} ’ 00 0\end{array}\}- 2\cdot=\{\begin{array}{lll}|T^{n}|^{1/n} ’ 00 0\end{array}\}$ .
Thus by (2.1) we get (2.2). If 1 $T^{n}|=|T|^{n}$ , then (2.2) implies that $|T|^{2}=|T^{2}|$ , which
means that $T$ is a quasi-normal (cf. [4]). The proof is complete.
3 From the assumption we have
$P(T^{\cdot}T)^{n}P=P(TT^{\cdot})^{n}P=(PTT^{\cdot}P)^{n}$ ,
where $P$ is the projection onto $\overline{T\mathfrak{H}}$ . From (2.1) we obtain
$0\leq PT^{*}TP\leq(P(T^{\cdot}T)^{n}P)^{1/n}=PTT^{*}P$,
from which $PT^{\cdot}TP=PTT^{\cdot}P$ follows, because $T$ is hyponormal. Consequently we
get $TT^{*}T=T^{*}TT$, in the same way as the proof of Theorem 2.1. The proof is
complete.
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